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Summary. Procedures for ranking candidates  for selec- 
tion and for est imating genetic and environmental  
parameters  when variances are heterogeneous are dis- 
cussed. The best l inear unbiased predic tor  (BLUP) 
accounts automat ica l ly  for heterogeneous variance 
provided that the covariance structure is known and 
that  the assumptions of  the model  hold. Under  mult i -  
variate normali ty BLUP allowing for heterogeneous 
variance maximizes  expected genetic progress. Ex- 
amples of  appl icat ion of  BLUP to selection when 
residual or genetic variances are heterogeneous are 
given. Restricted max imum l ikel ihood est imation of  
heterogeneous variances and covariances via the expec- 
ta t ion-maximizat ion  algori thm is presented. 

Key words: Heterogeneous variance - BLUP - Selec- 
tion 

Introduction 

Hill (1984) considered methods of  accounting for 
heterogeneous variance when constructing selection 
criteria in simple settings and suggested that  observa- 
tions should be scaled using est imated standard devia- 
tions. In general, homogenei ty  of  variance or covari- 
ance is not a requirement  in a best l inear unbiased pre- 
dict ion (BLUP) analysis. This is i l lustrated by mult ip le  
trait  BLUP (e.g. Henderson and Quaas 1976) where the 
covariance structure is clearly heterogeneous across 
traits. Also, Henderson (1984) has dealt  to some extent 
with sire and cow evaluat ion when variances are 
unequal. 

The objective of  this expository paper  is to show 
that i f  the records are modeled  correctly, i.e., that  the 

assumptions hold, BLUP automat ica l ly  scales the ob- 
servations. Further ,  if mul t ivar ia te  normal i ty  is ten- 
able, BLUP with the correct model  maximizes  genetic 
progress in certain settings. Est imation of  variances 
when heteroscedastici ty is present is discussed. 

Theory 

Suppose we are interested in predicting a random vector u. 
This vector can represent breeding values, producing abilities 
or transmitting abilities for one or more traits (Henderson 
1973) for a set of animals with or without records (Henderson 
1977). 

Let the relationship between u and the records (y) be 
linear and with the form 

y = X f l + Z u + e  (1) 

where E(y) = X fl contains the mean values for each of the 
records, fl is usually but not necessarily a vector of "nuisance" 
parameters (e.g., herd-year-season effects), X and Z are 
known incidence matrices, and e is a vector of random 
residuals, e.g., environmental, non-systematic, effects. Take 
E (u) = 0 and E (e) = 0, and assume that the variance-covari- 
ance matrix of u and e is completely general 

V a r [ : ] = [ T  G, T ] .  (2) 

Note that with this formulation, each element of u or e can 
have different variance. Furthermore, T, the covariance 
matrix between breeding values, say, and environmental 
effects can be non-null; Schaeffer and Henderson (1983) have 
dealt with this problem. From (1) and (2) 

Var (y) = Var (Z u + e) 

= Z G Z '+  Z T + T ' Z ' +  R =  V. (3) 

Because V is a non-singular variance-covariance matrix, it can 
be decomposed as V •  with P non-singular (Graybill 
1976)~ 

Consider now the linear transformation of (1) 

P - I y =  P-1Xfl+  P-I Z u + P-I e (4) 
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or, equivalently, 

y* = X* fl + Z* u + e* (5) 

where y * = P - l y ,  X * = P - 1 X ,  Z * = P - 1 Z  and e * = P - l e .  
Clearly 

Var (y*) = Var (Z*u + e*) 
= p-1Var (Z u + e) p , - i  

= p- i  V p,-1 = I .  (6) 

Hence, each transformed record has the same variance, which 
is equal to 1. 

Bulmer (1980) has shown that the expected "merit" of a 
fixed number of selected candidates is maximized by selecting 
upon the conditional mean of merit given the data, regardless 
of the distribution. Hence, if u in (1) is the vector of merits, 
then we would select with E (u[y). Under linearity or multi- 
variate normality, and with known variances and covariances: 

E (uly) = Coy (u,y') V -t ( y -  Xfl) 

= ( G Z ' +  T) V -j (y-X/C)  

= [G Z' (p,)-i + T (e,)-l] (e-1 y _ e - i  X/C) 

= C o v  (u, y*')  (y* - X* fl) 

= E (u I y * ) .  (7) 

The above shows that the optimal ranking rules, E (ulY), 
and E (u I Y*) are identical. In other words, the standardization 
or scaling of the records is done automatically. In BLUP, fl of 
(7) is replaced by a solution to 

(x,v-1 x)/~= x,v-, y 
or  to 

(X*'  X * ) / ~  = X*'  y* 

which lead to the best linear unbiased estimator (BLUE) of 
Xfl and to the best linear unbiased predictor of u (Henderson 
1973). The BLUP predictor 

u =  Cov (u, y') V-' ( y -  X/?) (8) 

maximizes expected genetic progress in the class of translation 
invariant linear functions of the records (Goffinet 1983; 
Goffinet and Elsen 1984; Fernando 1984). Furthermore, it is 
unbiased by selection or mating decisions that do not depend 
on fl provided that all records used for such decisions have 
been employed in the analysis (Henderson 1975a, 1982; 
Gianola and Fernando 1985; Henderson 1985). The expression 
in (8) is usually tedious to compute and the mixed model 
equations of Henderson (1973) provide a more efficient 
algorithm usually amenable to an iterative implementation. 

When heterogeneity of (co)variance is only with respect to 
the distribution of the residuals e, one can write R = R 5 R 5, 
so the transformation becomes 

y** = R-.Sy = R-.5 Xfl + R-.5 Z u + R-.5 e 

= X * * f l +  Z * *  u +  e * * .  (9) 

In the univariate case, the elements of y** are usually observa- 
tions divided by their corresponding residual standard devia- 
tions. Clearly, Var (e**) = I. Further 

E (u i Y**) = ( G  Z' R - 5  + T R - s )  R 5 V -j  R 5 (R  - 5  y - R - 5  X fl) 

= (G Z ' +  T) V-I ( y -  Xfl) 

= E (u} y) (10) 

Table 1. Hypothetical data on milk production records of 
daughters of three artificial insemination sires producing in 
two herds a 

Herds Sires 

1 2 3 

1 Ylll, Yll2 YlZZ -- 
2 Y211 -- Y231, Y232 

a Yijk is a record on the kth daughter of the jth sire producing 
in the ith herd 

as one would anticipate from the more general result given in 
(7). The BLUE of fl and the BLUP of u can be obtained 
directly (when T=  0) by solving the mixed model equations: 

Z * * '  X** Z** '  Z** + G -1]  [ Z * * '  y** " 

A p p l i c a t i o n s  

1 Heterogeneous residual variance 

In order  to i l lustrate the com pu ta t i on  of  BLUP when  
the var iance  is heterogeneous,  consider  the hypo- 
thetical da ta  in Tab le  1. These are mi lk  p roduc t ion  
records of  daughters  of  3 sires p roduc ing  in 2 herds. 
Sire 3 does no t  have progeny  in herd 1, and  sire 2 does 
not  have records in herd 2. Let the l inear  mode l  de- 

scr ibing the records be 

Y i j k = H i + s j + e i j k ,  i = 1 , 2 ;  j = 1 , 2 , 3 ;  k = 0 , 1 , 2  (11) 

with E (Yijk) = Hi ,  sj "~ ID (0, a2), eij k ~ ID  (0, a~,) and 
Cov (sj, e i jk)= 0 for all such pairs;  ID stands for inde-  
pendent ly  dis tr ibuted.  Note  that  the residual  var iance  

differs from herd to herd. Using the no ta t ion  of  (1) and  
(2), we have 

fl '  = [Hi,  H2] 

U' = [S I,  S2, S3] 

G = I3x 3 0 .2 

where |3• is an ident i ty  matrix.  F u r the r  

R = Var 

e l l l  

el l2 

el21 

e211 
e231 
e232 

~, o o o o o 
a2~ 0 0 0 0 

ae 2, 0 0 0 
a2~ 0 0 

o2~ 0 
S Y M M E T R I C  a2~ 

and  T = 0 .  Using the data  in Tab le  1, and  put t ing  
Yi = ~ 2 (i = 1, 2) and  k = O's 2, direct  appl ica t ion  of  the 
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mixed model equations yields 

3 Yi 0 2 Yl Yl 0 

3 Y2 ?2 0 2 72 

2 y l + y 2 + k  0 0 

y l + k  0 

SYMMETRIC 2 72 + k 

" E E Y l j k ? I  
j k 

Z Z Y2jk 72 
j k 

E E Yilk 7i 
i k 

i k 

~'~ E Yi 3k 7i 
i k 

Solving the above system gives the BLUE of herd 
effects (ILli; i = l, 2) and the BLUP of the transmitting 
abilities of the sires (gj; j = 1 . . . . .  3). Following Hen- 
derson (1973, 1975a), the inverse of the coefficient 
matrix in (12) gives 

I;I2 
Var g l - s l  

I g2- s2 
t $3 -- S3 

After some algebra 

[[ ] 
~i ~ [\  4 -  hi 2 ] (Yijk-- 1210 

[ / (13) 
1 + X n i J \ 4 - h 2 ]  i 

where h 2= 4/(1 +k/~i ). Observe that when hi z= h 2 for 
all i, (13) becomes 

h2 (n.j .Y.j - ~i nij I2Ii ) 

SJ = 4 + (n.j-  1) h 2 (14) 

where n.j = ~'~ nij, and .~.j is the average of the daugh- 
i 

ters of sire i. Finally, when all herd effects are equal 
(IZti =/i,  say, for all i), equation (14) yields 

n.j h 2 
sJ -- 4 + (n.j - 1) h 2 ('~'j - - /1)  (15) 

which is the BLUP evaluation of unrelated sires via 
progeny testing in a one-way model. Therefore, the 
solution to (12) reduces to (13) when residual variance 
is heterogeneous and herd effects differ, to (14) when 
residual variance is homogeneous and herd effects 
differ, and to (15) when there is homogeneity with 
respect to herd effects and residual variance. 

2 Heterogeneous residual and sire variances 

Consider again the data in Table 1 and suppose that 
the variances of residuals and of transmitting abilities 

(12) 

are heterogeneous with respect to herds, i.e., as2,4: o.2 82 
2 Because the distribution of breeding and o.e2, 4: o.e~. 

values now differs from herd to herd, the model in (11) 
needs to be amended as follows 

Yijk = Hi + Sij + eijk (16) 

with E (Yijk) = Hi, sij ~ (0, o.~) is the transmitting abil- 
ity of sire j when a daughter produces in herd i, 
eijk ~ (0, o.2,) and Coy (sij, eqD = 0 for all such pairs. 
The variance-covariance matrix of transmitting abili- 
ties is now 

$11 
SI2 

Var $13 = 
$21 

$22 

S23 

o.~ 0 0 q12 o.s, % 0 0 
0 o.2s~ 0 0 QI2o.s~o.s2 0 
0 0 a 2, 0 0 012o.~,% 

o.2 0 0 
82 

o.2 0 
S2 

SYMMETRIC o .2 S2 

(17) 
where 012 is the correlation between the breeding 
values of the same sire in different herds. We have 
then 

G = G O | I3x 3 (18) 

where | is the Kronecker product operator, 

Go = [/o.s z, as12] (19) 
% 42 ] [ 

and as,~= Ql2 as, as2 is the covariance between breeding 
values of the same sire in different herds. Clearly, Q12 is 
a measure of genotype x environment interaction, and 
this parameter can be formally included in the model 
and estimated as described in the last section of this 
paper. Now from (18), G -l = G~ l | I, so 

G--I 

glJ 0 0 gl2 0 i 
0 0 g "  0 0 g'2 00 

0 gll 0 0 gl2 
gl2 0 0 g22 0 ] 

[00 g12 0 0 g22 ~ / 0 g12 0 0 g22 
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where gll, g12, g22 

371 0 271 

3 72 0 

2 y l + g  II 

are elements of  G~ I. The mixed model equations are then 

71 0 0 0 0 

0 0 ~2 0 2 72 

0 0 g12 0 0 

y l + g  II 0 0 g12 0 

gll 0 0 g12 

72 + g22 0 0 

g22 0 

SYMMETRIC 2 72 + g22 

^ 

HI 

A 

H2 

^ 

Sll 

^ 

SI2 
^ 

S13 
^ 

$21 
^ 

$22 

~23 

Solving the above equations gives the BLUE of  herd 
effects and the BLUP of transmitting abilities. The 
diagonal elements of  the inverse of  the coefficient 
matrix in (20) give the variances of  estimates of  herd 
effects and of  prediction errors. 

Consider the equations pertaining to sires that do 
not have daughters in the i j th  cell. For  example, the 
equation for the BLUP of  the transmitting ability of  
sire 3 in herd 1 is 

gll SI3 -~- g12 $23 = 0 . 
Thus 

~13 = _ g12 ~23/gll 

which illustrates clearly that the evaluation ~13 is a 
function of the evaluation of  the breeding value of  
sire 3 in herd 2. Incorporating relationships among 
sires (Henderson 1975b, 1976) does not pose con- 
ceptual difficulty�9 In this case, the variance-covariance 
matrix of  the transmitting abilities becomes 

G = G 0 |  

where A is a matrix of  additive relationships. Hence, 
G -j = G~ 1 | A -l. 

In some circumstances, e.g., Hill (1984), one may 
wish to assume that 012 = 1, i.e., absence of genotype x 
environment interaction. If Ql2 = 1, then Go is singular. 
This means that the general model in (16) is over- 
parameterized when the correlation between breeding 
values of  the same sire in different herds is perfect. 

Z Z Yljk Yl 
j k 

Z Z Y2jk Y2 
j k 

E Yllk Yl 
k 

Z Yl2k Yl 
k 

0 

Z Y21k Y2 
k 

0 

E Y23k 72 
k 

I3 w~ 0 2wl  wl 0 

3 w2 w2 0 2 w 2 

2 w l + w 2 + a  li a 12 al3 

w I + a 22 a23 

S Y M M E T R I C  2 w 2 + a 33 

(20) 

Observe 
between 

Si'j = bi'i 

with bi, i 

that 0 = 1 implies a perfect linear relationship 
the breeding values of  sire j in herds i and i' so 

�9 Sij 

= as,,/as~. Now, let ki = a~, 2 and rewrite (16) as 

Y~jk = (Hi -[- sij + eijk) ~ i  

-- H* + sf + e~jk. (22) 

Observe in (22) that subscript i (indexing herd) does 
not appear  in the sire effect. The reason is that 
s~=si j /as ,  ~ (0, 1), so the variance of transmitting 
abilities in (22) no longer depends on the herd. Further  

Cov [ Sij , Si'j ] =  Var ( S : ) = 1 .  (23) 
[ as~ asc] 

Also, 
[ 4 - h  2 ] <k-[0,--V- l (24) 

where hi 2 is heritability in herd i. In vector notation 

s* ~ (0, A) 

and 

e* ~ (0, R*) 

where R* is an n x n  diagonal matrix with typical 
element (4 -h i2 ) /h i  2 for observations in the i th  herd. 
For the data in Table I, the mixed model equations to 
obtain BLUE of H* and BLUP of s~ are 

E Z Ylj k Wl 
j k 

Z Z Y2jk W2 
j k 

E E Yi lk wi (25) 
i k 

~ Yi2k Wi 
i k 

~ Yi 3k Wi 
i k 



where w i = hie/(4-h~), and a ij is a typical element of 
A-L Then, by linear invariance 

BLUE (Hi) = as /BLUE (H*) = as,' 15I * 

and 

BLUP (sij) = as~" BLUP (sj ~) = as/gj*. 

Unknown covariance structure 

The implementation of BLUP depends on knowledge 
of the needed variances and covariances, as illustrated 
by the preceding examples. In many instances, the only 
available information on variances and covariances is 
the data used to predict transmitting abilities in which 
case all parameters need to be estimated simultane- 
ously. Gianola and Fernando (1986) suggest that in the 
absence of prior knowledge about variances and co- 
variances, and when the likelihood function is reason- 
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assume 
Cov (ui, u~) = A 0 au, ; (i, j) = 1 . . . . .  H 

Cov (ui, e~) = 0 ; (i, j) = 1, ..., H 

Coy (e i, el) = 0 ; i 4= j 

COV (ei, e~) = I a~ ; i = 1 . . . . .  H.  

It is convenient (Henderson 1984) to include all poten- 
tial breeding values in the ith "source", as done in the 
example in the preceding section. For example, with 
H = 2 .  

V a r [ U l J = [  All au2' AI2 au~2] (27) 
n2 A21 O'Ulz A22 022 J 

with inverse 

G - I =  [g  llAl! g12A12] 
gl2A21 g22 A22 ] (28) 

where f l ,  gl2 and g22 a r e  as before. 
The mixed model equations (H = 2) are then 

X~ X I ~1 0 X~ Z 1 Yl 0 
0 X~ X 2 Y2 0 X~ Z2 Y2 

Z~ X 1 ~1 0 ~'1Z~ Z 1 -~- G 11 G 12 
0 Z~ X 2 Y2 G21 Y2 Z~ Z 2 + G 22 

/72 = 
r l  l 

R2 

X~ Yl Yl I 
x l  y2 y2 I 
ZI Yl Yl ] 
Z~ Y2 7'2 J 

(29) 

ably "peaked", estimation should be by restricted 
maximum likelihood (REML, Patterson and Thomp- 
son 1971). These estimates would be used in the mixed 
model equations of Henderson (1973) to obtain the 
necessary predictions. This result applies strictly to 
multivariate normal data as REML is not defined as 
yet for other distributions. In the context of hetero- 
geneous variance, if 0 4= 1, the problem is essentially a 
multiple-trait one. Hence, estimators of Go should 
yield a "permissible" (Verdooren 1980) or "coherent" 
matrix (Foulley and Ollivier 1985). Otherwise, an 
absurd ranking of candidates for selection can be ob- 
tained (Hill and Thompson 1978). 

The estimation of heterogeneous variances by 
REML in multiple trait settings was discussed by 
Schaeffer et al. (1978). We describe here an algebrai- 
cally simpler procedure based on the EM algorithm for 
restricted maximum likelihood (Dempster et al. 1977), 
and consider the case where 0 4: 1. Suppose there are H 
sources (e.g., herds) of heterogeneity for the residual 
variance and for the variance of breeding values. Let 
the linear model describing the records in the ith 
"source" be 

Yi = Xi/~i -~- Zi nl -{'- ei ; i = 1 . . . . .  H (26) 

where fli, ui and e i are the fixed effects, breeding 
values and residuals in the ith source, respectively. We 

Let a regular or symmetric generalized inverse of the 
coefficient matrix in (29) be 

c l,,B, cl~,p2 C~,u, c~,,~ 

gUlUl gUlU2 
SYMMETRIC C . . . .  

In the EM algorithm, there is a distinction between 
"complete" and "incomplete" data. The "incomplete" 
data are the observables 

y '=  [y~, y~]. (30) 

The "complete" data are given by the vector 

z ' =  [y~, u~, e~, y~, u~, e~]. (31) 

The parameter vector (0) consists of the unknown vari- 
ances and covariances: 

0 ' =  [a~l, a~2, au~=, a~l, a~21. (32) 

If z were observed, the sufficient statistics for the above 
parameters would be given by the vector 

f U] A II u 1 
] u~ A 22 u2 

t = ] U] A 12 U 2 (33) 

I < e, 
| e~ e2 
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The expected value of  the sufficient statistics for the 
complete data is 

q a~, 
q a2u~ 

E (t I 0) = aul~tr (A 12 A21 ) (34) 
n I o21 
n2 0"2 

where q is the number  of  breeding values to be esti- 
mated in each of  the sources, and n I (n2) is the number 
of  records in source 1 (2). 

Unfortunately, (33) is not observed. The E-step of  
the EM algorithm consists of  finding the conditional 
expectation of  the vector of  sufficient statistics given 
the data Yl and Y2. After algebra, we have 

E (u~ A II Ul ] yl, Y2, 0) = ~1' A II Ul + tr (A u Culu,) (35) 

E (11~ A 22 u2] Yl, Y2,0) = u~ A 22/! 2 + tr (A 22 Cu~ u~) (36) 

E (u~ A12 u2 [ yi, y2, 0) = ~ AI2 02 + tr (AI2 Cutup) (37) 

Further 

E (el eli Yl, Y2,0) = ~ ~l + tr (B1 i) (38) 

E (e~ e 2 'l Yl, Y2,0) = ~(, ~2 4- tr (B22) (39) 

where ~i = Yi - Xi fii - Zi ai, and 

Bii = tr (C,~ p~ X~ X~ 4- 2 Cp~ ~, Z~ Xi 4- C~, u, Z~ Zi) i = 1,2.  

Finally, the M-step of  the algorithm consists of  equat- 
ing (34) to ( 3 5 ) -  (39), and iterating with 

6.2!k+1] - [[1~ A ll [! 1 4- t r (A 11CHlUl)] [k] (40) 

q 

3.2 [k + 1] [/i~ A 22 U2 4- tr (A 22 Cu2 uz)] [k] (41) 
U2 q 

6 2  [k+ 1] = [~li AI2 U2 4- tr (A 12 Cuz ua)] [k] (42) 
U12 q 

3.2[k+ 1] _ [i~ ~l + tr (Bll)] [kl (43) 

n l  

.2 [k+ 1] [~-~, ~2 + tr (B22)] [k] (44) 
e2 

n2 

where [k] indicates iterate number. The algorithm can 
be slow to converge as pointed out by Dempster et al. 
(1977). However, the EM algorithm is relatively easy to 
derive and guarantees that the eigenvalues of  the esti- 
mated variance-covariance matrix of  the breeding 
values are positive provided that the starting values for 
iteration are appropriately chosen (Henderson 1984). 
In general, this would insure "permissibility" of  Go. 

Clearly, the above computations are seldom feasible 
in data sets as large as the ones arising in national sire 
evaluation programs because of  the size of  the matrices 
involved. If  "herds" are the source of  heterogeneity, 

a large number of  variances and covariances would 
need to be estimated. For example, with H = 300, 600 
variances, and 44,850 potential covariances would need 
to be estimated. Further, individual parameters would 
not be well estimated as there would be little informa- 
tion on each of  them. A possible shortcut would be to 
stratify herds into groups as has been done by, e.g., 
Hill et al. (1983), and then apply the procedures de- 
scribed here. The methodology yields estimates of  the 
magnitude of  "source" • genotype interactions. For  
example, the correlation between breeding values in 
different "sources" is estimated as 012 = 6uJ (G , "  3.u~). 

Henderson (1984) and Hill (1984) suggested that the 
estimated variances could be regressed towards an average. 
For example, the estimator of the variance of breeding values 
in the ith herd given by Hill (1984) is a weighted average of a 
"prior" variance (~2u), and of the variance of breeding values 
in the ith herd estimated from the data (b2u). The weights are 
reciprocals of the variance of the "prior" variance and of the 
variance of the estimated variance component, so we have 

~ 2 u = [ ~ [  6au~ -~ Var(&2u)~2u ]/[1/Var(#~) + l /Var(~)] .  

In fact, this is the Bayesian solution for pooling prior and data 
based estimates of means in a normal distribution (e.g., Box 
and Tiao 1973). However, the weights chosen may not be 
optimal for pooling variance components. Further, the 
"correct" weights may be difficult or impossible to calculate 
in the data sets usually arising in animal breeding practice. 
However, the concept is appealing as prior knowledge is more 
"helpful" when the information is scant than when it is 
plentiful. In order to render the method suggested by Hender- 
son (1984) and Hill (1984) completely Bayesian, it would be 
necessary to regard the variances in different sources as 
random variables with an exchangeable prior distribution 
(Lindley and Smith 1972). This prior distribution would be 
combined with the likelihood of the data to form a "posterior" 
distribution. Then, estimates of variances would be obtained 
from the posterior distribution following the Bayesian strategy. 

Note that in the absence of  prior information, e.g., 
Var(#~) ~ ~ ,  the pooled estimate given above is 
precisely 3.~,, which would be the REML estimate de- 
scribed in this paper. 
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